In this paper, the behavior of an interface crack between isotropic and orthotropic elastic half-planes subjected to a uniform tension is investigated by use of the Schmidt method under the assumption that the effect of the crack surface overlapping very near the crack tips is negligible and there is a sufficiently large component of mode-I loading so that the crack essentially remains opening. The upper half-plane is isotropic elastic materials and the lower half-plane is orthotropic composite materials. By use of the Fourier transform, the problem can be solved with the help of two pairs of dual integral equations in which the unknown variables are the jumps of the displacements across the crack surfaces. Numerical examples are provided for the stress intensity factor of the cracks. Here, we just give an approach to solve the problem of the interface crack. As in a special case, we also give solutions of the ordinary crack in homogeneous materials and of the interface crack between two dissimilar isotropic materials. These solutions have been compared with each other.
Investigating the Behavior of a Griffith Crack at the Interface between Isotropic and Orthotropic Elastic Half-Planes for the Opening Crack Mode

Introduction
In recent years, composite materials are being used in wide range of engineering field. The fracture of composites and bonded dissimilar materials is induced mainly from the interfacial region because the angular corner of bonded materials induces singular stress and crack initiation at the interface. Particularly flaws or cracks lying along the interface reduce the strength of the structure significantly. Hence, problem of interface cracks in dissimilar materials is very important from the view point of interface strength and stress analysis, and which have been treated in many papers (1) - (9) . For the interface crack problem, it is well known that the stress oscillatory singularity and overlapping of the crack surfaces appear near the interface crack tips and these are quite different from ordinary cracks in homogeneous materials. Therefore, in comparison with the ordinary crack problems, it is difficult to analyze accurately the interface crack problems and there are not enough the data of stress intensity factors for the interface cracks. Some of the significant results, particularly concerning the discussion of the conditions leading to non-oscillating crack tip stress fields are given in Refs. (10) and (11) . However, the interface crack mode had been changed, i.e. the tips of the crack were assumed to be closed. In Achenbach's work (12) , the interface crack problem was also studied. Non-oscillating crack tip stress fields were obtained in Ref. (12) . However, it was assumed that there was an adhesive zone at the crack tips.
Mathematically, the solutions in Refs. (1) - (3) are exactly forms in spite of the incomprehensibility in fracture mechanics. However, from an engineering viewpoint, it is more desirable to seek a solution which is physically acceptable (13) . In this paper, the behavior of a Griffith crack at the interface between isotropic and orthotropic elastic half-planes is investigated by using a somewhat different approach, named as the Schmidt method (14) , (15) . As in many of previous studies (8) , (16) , the problem is solved under the assumption that the effect of the crack surface overlapping very near the crack tips is negligible and also there is a sufficiently large component of mode I loading, so that the crack essentially remains opening. The Fourier transform technique is applied and a mixed boundary value problem is reduced to two pairs of dual integral equations in which the unknown variables are the jumps of the displacements across the crack surfaces. To solve the dual integral equations, the jumps of the displacements across the crack surfaces are expanded in a series of Jacobi polynomials. This process is quite different from those adopted in the Refs. (1) - (13), (16) as mentioned above. During the solving process, the mathematical difficulties are overcame, i.e. the oscillatory stress singularity and the overlapping of the crack surfaces disappear around the crack tips, meanwhile much problems have to be considered when the material constants of the two half-planes layers are different. Contrary to the prevision solution of the interface crack, it is found that the stress singularity of the present interface crack solution is of the same nature as that for the ordinary crack in homogeneous materials. Numerical solutions are obtained for the stress intensity factors.
Formulation of the Problem
It is assumed that there is an interface crack of length 2l along the x-axis between two isotropic and orthotropic elastic half-planes. The upper half plane −∞ < x < ∞, 0 ≤ y < ∞ is isotropic materials and the lower half-plane −∞ < x < ∞, −∞ < y ≤ 0 is orthotropic composite materials as shown in Fig. 1 .
For the upper isotropic elastic half-plane, the elastic-
, the Poisson's ratio η (1) , the Lame coefficients λ (1) and µ (1) . In the case of plane stress, the stress-strain relations may be written in the form (the results for plane strain may be derived easily by replacing the Posson's ratio η (1) wherever it occurs by
where σ
yy and σ (1) xy represent the Cartesian components of stress. u (1) and v (1) represent the Cartesian components of displacement. The equations of equilibrium of the isotropic materials, in the absence of body forces, may be expressed as follows: 
For the lower orthotropic elastic half-plane, the elastic constants of the lower half-plane in this problem are denoted by E (2) i , µ
ik and ν (2) ik (i,k = 1,2,3). Dimensionless components of the displacement in x, y directions are assumed to be u (2) , v (2) , respectively, where u (2) = u (2) (x,y) and v (2) = v (2) (x,y). The nonzero stress components σ (2) yy and σ (2) xy are given by σ
The non-dimensional parameters c (2) ik (i,k = 1,2,3) involved in the above equations are related to the elastic constants by the relations: (8) for generalized plane stress, and by
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for plane strain. The constants E (2) i and η (2) ik (i,k = 1,2,3) satisfy Maxwell's relation:
In this paper, we just consider the generalized plane stress problem.
The equations of equilibrium of the orthotropic composite materials, in the absence of body forces, may be expressed as follows:
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When the material of the lower half plane is also isotropic, the forms of the stress-strain relations and the equations of equilibrium can be written as in Eqs. (1) - (5). Here, they are omitted. These Eqs. (4), (5) and (11), (12) are to be solved subject to the boundary conditions
where the σ 0 is a magnitude of the uniform stress loading.
Solution
Because of the symmetry, it suffices to consider the problem for x ≥ 0,|y| < ∞. Equations (4), (5) and (11), (12) can be solved as follows (7) - (9) u (1) (x,y)
where
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Substituting Eqs. (16) - (19) into Eqs. (1) - (3) and (6), (7), respectively, it can be obtained σ
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By substitutions Eqs. (21) - (24) into the boundary conditions (13) - (15), we obtain
To solve the problem, the jumps of the displacements across the crack surfaces are defined as follows:
where f 1 (x) is an odd function, f 2 (x) is an even function. Applying the Fourier transforms and Eqs. (16) - (19) and (27), (28), it can be obtained
When the material of the lower half plane is also isotropic, Eqs. (4) and (5) can be solved as follows (7) (for y ≤ 0)
where η (2) is the Poisson's ratio of the lower half plane material. C j (s) ( j = 1,2) are unknown functions to be determined.
Substituting Eqs. (31) and (32) into Eqs. (1) - (3), respectively, it can be obtained (for y ≤ 0)
xy (x,y)
Where the elasticity modulus is
and µ (2) are the Lame coefficients of the lower half plane material.
Hence, it can be obtained by use Eqs. (27), (28) and (31) -(34), the Fourier transforms and the boundary (13) -
A superposed bar indicates the Fourier transform, If f (x) is an even function, the Fourier transform is defined as follows:
If f (x) is an odd function, the Fourier transform is defined as follows:
By solving four equations (25), (26) and (29), (30) and four equations (35) - (38) with the unknown functions A j (s), B j (s) and C j (s) ( j = 1,2) for two cases, substituting the solutions into Eqs. (21) and (22) and applying the boundary conditions (13) and (14), it can be obtained
where d 1 , d 2 , d 3 and d 4 are non-zero constants, and can be seen in appendix, respectively. These constants are dependent on the material constants of the upper and the lower half-planes. When the materials of the upper and lower half planes are dissimilar isotropic materials,
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When the materials of the upper and lower half planes are the same isotropic materials,
4 .
To determine the unknown functionsf 1 (s) andf 2 (s), the above two pairs of dual integral equations (41) -(44) must be solved.
Solution of the Dual Integral Equations
As assumption mentioned above, this problem is solved under the assumption that the effect of the crack surface overlapping very near the crack tips is negligible and there is a sufficiently large component of mode I loading to keep the crack essentially remains opening. This assumption had been used in Refs. (8) and (16) . It can be obtained that the jumps of displacements across the crack surface are finite, differentiable and continuum functions. Hence, the jumps of displacements across the crack surface can be expanded by the following series:
where a n and b n are unknown coefficients, P
(1/2,1/2) n (x) is a Jacobi polynomial (17) . The phenomenon of the crack surface overlapping near the crack tips will not be included in the series as shown in Eqs. (45) -(48).
The Fourier transforms of (45) -(48) are (18) 
where Γ(x) and J n (x) are the Gamma and Bessel functions, respectively. Substituting (49) and (50) 
When the materials of the upper and lower half planes are the same isotropic materials, Eqs. (51) and (52) reduce to
From the relationships
the semi-infinite integral in (51) and (52) can be evaluated directly. Equations (51) and (52) can now be solved for the coefficients a n and b n by the Schmidt method (14) , (15) . For brevity, (51) and (52) can be rewritten as
where E * n (x), F * n (x), G * n (x) and H * n (x) and U 0 (x) are known functions. a n and b n are unknown coefficients.
From the Eq. (58), it can be obtained:
It can now be solved for the coefficients b n by the Schmidt method (14) , (15), (19) - (23) . Here the form − ∞ n=0 a n G * n (x) can be considered as a known function temporarily. A set of functions P n (x), which satisfy the orthogonality condition (60) can be constructed from the function, H * n (x), such that
where M i j is the cofactor of the element d i j of D n , which is defined as 
Using (59) - (62), we obtain
So it can be rewritten
Substituting (54) into the Eq. (57), it can be obtained
So it can now be solved for the coefficients a n by the Schmidt method again as above mentioned. With the aid of Eq. (64), the coefficients b n can be obtained. When the materials of the upper and lower half planes are the same isotropic materials, from Eqs. (53) and (54), it can be obtained that a n = 0, n = 0,1,2,3,... and
b n = 0, n = 1,2,3,... by use the Schmidt method as above mentioned.
Stress Intensity Factors
The coefficients a n and b n are known, so that the entire stress field can be obtained. However, in fracture mechanics, it is important in fracture mechanics to determine the stresses σ (1) yy and σ (1) xy in the vicinity of the crack tips. In the case of the present study, the stress fields σ (1) yy and σ (1) xy can be expressed as:
σ (1) yy (x,y)
· e −sy cos(sx)ds
· e −sy sin(sx)ds
The polar coordinates r and θ in Fig. 1 are chosen and x = l + r cosθ, y = r sinθ. An examination of (66) and (67) shows that, the singular part of the stress field can be obtained from (17) the relationships as follows:
The singular part of the stress field along the crack line can be expressed respectively as follows (l < x):
From Eqs. (68) and (69), it can be obtained that the oscillatory stress singularities do not contain in Eqs. (68) and (69).
We obtain the stress intensity factors K I and K II as
When the materials of the upper and lower half planes are the same isotropic materials, σ
yy and σ (1) xy along the crack line can be expressed as (l < x):
Hence, when the materials of the upper and lower half planes are the same isotropic materials, the closed form solution of the stress intensity factors K I and K II can be expressed as:
Numerical Calculations and Discussion
To check the numerical accuracy of the Schmidt method, the values of 2[ 9 n=0 a n E * n (x) + 9 n=0 b n F * n (x)]/(πσ 0 ) and U 0 (x)/σ 0 are given in Table 1 for l = 1.0 (Material of the upper half-plane is an Iron, Material of the lower half-plane is a Graphite epoxy). In Table 2 , the values of the coefficients a n and b n are given for l = 1.0 (Material Table 1 Values of 2[ Table 2 Values of a n and b n for l = 1.0 (Material of the upper half-plane is an Iron, Material of the lower half-plane is a Graphite epoxy.) Table 3 Mechanical properties of the orthotropic materials Table 4 Mechanical properties of the isotropic materials of the upper half-plane is an Iron, Material of the lower half-plane is a Graphite epoxy).
As discussed in the works (13) - (15), (19) - (23) and the above discussions, it can be seen that the Schmidt method is performed satisfactorily if the first ten terms of infinite series in Eqs. (47) and (48) are retained. The behavior of the sum of the series keeps steady with the increasing number of terms in (47) and (48) and the series in Eqs. (47) and (48) are convergent. At −l ≤ x ≤ l, y = 0, it can be obtained that σ (2) yy /σ 0 √ l is very close to negative unity. So the solution of present paper can also be proved to satisfy the boundary conditions (13) . In the computation, the materials are assumed to be the commercially available graphite epoxy, E-glass epoxy, boron epoxy, Iron, Zinc, Nickel and Aluminum, respectively. The material constants are given in Tables 3 and 4 . The dimensionless stress intensity factors K/(σ 0 √ πl) and the stress fields near the crack tip are calculated numerically. The results of the present paper are shown in Table 5 and in Fig. 2 to Fig. 9 . From the results, the following observations are significant:
( i ) In this paper, we just give an approach to solve the opening interface crack problem. During the solving process, the mathematical difficulties are not met, i.e. the oscillatory stress singularity and the overlapping of the crack surfaces do not meet, meanwhile much problems Table 5 The stress intensity factors vary with the properties of the materials for the upper half plane material is the isotropic medium and the lower half plane is the orthotropic medium. Fig. 2 The stress intensity factors versus (1−E (1) /E (2) ) for η (1) = η (2) = 0.25 (The upper and the lower half plane materials are isotropic media.) Fig. 3 The stress intensity factors versus (1−E (2) /E (1) ) for η (1) = η (2) = 0.25 (The upper and the lower half plane materials are isotropic media.) have been considered when the material constants of the two half-planes layers are different. The singularities of the stress field at the interface crack tips are similar with the ones for the ordinary crack in homogeneous materials, and this phenomenon is reasonable according to the physical nature. However, the solutions of the Mode-I interface crack in the previous works (1) , (7) are quite different from the results of the ordinary crack in homogeneous materials.
( ii ) Contrary to the prevision solution of the interface crack, it is found that the stress singularity of the present interface crack solution is of the same nature as that for the ordinary crack in homogeneous materials. In this paper, the unknown variables of dual integral equations are the jumps of displacements across the crack surfaces. However, in the previous works, the unknown vari- ables of dual integral equations are the dislocation density functions. This is the major difference.
(iii) It can be seen that the stress intensity factors are dependent on the material constants of the upper and lower half-planes as shown in Table 5 and in Fig. 2 to Fig. 4 . This is similar to the description in Refs. (1) and (3) . (Here, we just give an approach to solve the problem of the interface crack.) ( iv ) The solution of the interface crack between two dissimilar isotropic half planes is also obtained in the present paper as shown in Fig. 2 to Fig. 4 . This is the same as in Ref. (13) . This solution can be returned to one of the ordinary crack in homogeneous material as in Eqs. (74) and (75). It is a closed form solution. Figures 2 -4 show the results of the stress intensity factors K I /(σ 0 √ πl) and K II /(σ 0 √ πl) which are plotted versus (1 − E (1) /E (2) ) or (1 − E (2) /E (1) ). The stress intensity factors K I /(σ 0 √ πl) and K II /(σ 0 √ πl) for E (1) /E (2) = 1 are agree which those of a crack in homogeneous medium. The stress intensity factors K I /(σ 0 √ πl) decrease with (1 − E (1) /E (2) ). However, the stress intensity factors K II /(σ 0 √ πl) increase with (1 − E (1) /E (2) ). ( v ) As shown in Table 5 and in Fig. 2 to Fig. 4 , the shear stress intensity factors K II /(σ 0 √ πl) of the interface crack can not be ignored in engineering application. At some cases, the shear stress intensity factors K II /(σ 0 √ πl) of the interface crack are quite large.
( vi ) The stress intensity factors K I /(σ 0 √ πl) and K II /(σ 0 √ πl) is independent of the crack length. As shown in Figs. 2 and 3 , the sign of the shear stress intensity factors K II /(σ 0 √ πl) will change when the materials of the upper half plane and the lower half plane is interconverted. However, the sign of the stress intensity factors K I /(σ 0 √ πl) does not change when the materials of the upper half plane and the lower half plane is interconverted.
(vii) The stress fields near the crack tip are calculated numerically as shown in Fig. 5 to Fig. 9 . The normal stress σ yy /(σ 0 √ πl) decreases quickly with increase the polar angle θ from 0
• to 180
• . However, the shear stress σ xy /(σ 0 √ πl) changes slowly with the polar angle θ from 0
• as shown in Fig. 5 to Fig. 7 . In some cases, the shear stress σ xy /(σ 0 √ πl) is larger than the normal stress σ yy /(σ 0 √ πl). It can be also obtained that the stress fields decrease with increase of the distance from the crack tip for r/l < 0.5, then tend to be zero as shown in Fig. 8 to Fig. 9 .
